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Abstract. Let k be an algebraically closed field, and let A be an algebra of dihedral type of 
■ polynomial growth as classified by Erdmann and Skowronski. We describe all finitely generated 

1 A-modules V whose stable endomorphism rings are isomorphic to k and determine their universal 

deformation rings R(A,V). We prove that only three isomorphism types occur for R(A, V): k, 
Q-i k[[t]]/(t 2 ) and k[[t}}. 
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1. Introduction 



Let k be an algebraically closed field of arbitrary characteristic, and let A be a finite dimensional 
algebra over fc. Given a finitely generated A-module V, it is a natural question to ask over which 
complete local commutative Noetherian fc-algebras R with residue field k the module V can be lifted. 
If A is self-injective and the stable endomorphism ring of V is isomorphic to k, then there exists 
a particular complete local commutative Noetherian fc-algebra -R(A, V) with residue field k and a 
particular lift U (A, V) of V over R(A, V) which is universal with respect to all isomorphism classes 
of lifts (i.e. deformations) of V over all such fc-algebras R (see [6] and [J2]). The ring R(A, V) is called 
the universal deformation ring of V and U (A, V) is called the universal deformation of V. Since for 
every R and every lift M of V over R there exists a unique specialization morphism R(A, V) — > R 
with respect to which U(A, V) specializes to M, the pair (i?(A, V), U(A, V)) encompasses all lifts 
of V over all complete local commutative Noetherian fc-algebras with residue field k. 

The question of lifting modules has a long tradition when A is equal to the group ring kG of 
^\ ■ a finite group G and k has positive characteristic p. In this case, one not only studies lifts of V 

to complete local commutative Noetherian fc-algebras but to arbitrary complete local commutative 
Noetherian rings with residue field k, thus obtaining more information about the connections be- 
tween characteristic p and characteristic representations of G. Using Morita equivalence classes 
of algebras, the case of kG is tightly linked to understanding lifts of modules over arbitrary finite 
dimensional fc-algebras A. In particular, if kG (or a block of kG) is Morita equivalent to A and 
V corresponds to V\ under this Morita equivalence, then V has a universal mod p deformation 
ring R(G,V)/pR(G,V) if and only if V\ has a universal deformation ring R(A,V\). Moreover, 
R(A, Va) = R(G, V)/pR(G, V). The main advantage of employing this connection is that one can 
use powerful tools from the representation theory of finite dimensional algebras, such as Auslander- 
Reiten quivers, stable equivalences, and combinatorial descriptions of modules, just to name a few. 
This approach has recently led to the solution of various open problems. For example, it was suc- 
cessfully used in [31 HI [S] to construct group representations whose universal deformation rings are 
not complete intersections, thus answering a question posed by Flach [9]. 

In this paper, we concentrate on algebras of dihedral type of polynomial growth. Algebras of 
dihedral type are certain symmetric algebras which played an important role in Erdmann's classi- 
fication of all tame blocks of group algebras with dihedral defect groups up to Morita equivalence 
(see [TH]). A fc-algebra is said to be of polynomial growth if its indecomposable modules of any given 
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/c-dimension d can be parameterized using only a finite number /j,(d) of one-parameter families and 
if there is a natural number m such that fj,(d) < d m for all d > 1. 

Erdmann and Skowrohski classified in [TTJ Sect. 4] all basic algebras of dihedral type of polyno- 
mial growth, by providing the quiver and relations of each such algebra. They showed that there 
are precisely 8 possible quivers, each of which having at most 3 vertices, and 12 Morita equiva- 
lence classes of algebras. It follows that the stable Auslander-Reiten quiver of each such algebra 
A has precisely one non-periodic component of the form 1iA p ^ q where (p,q) £ {(1, 1), (3, 1), (3, 3)}, 
depending on whether the quiver of A has 1, 2, or 3 vertices. Moreover, there are up to two 3-tubes 
and infinitely many 1-tubcs. Here A v%q denotes the quiver 

• s- S- • 




• S- 9- • 



A summary of our main results is as follows; for more precise statements, see Propositions 13. ll 
13.21 and l3.3l Note that Q stands for the syzygy functor (see e.g. [U pp. 124-126]). 

Theorem 1.1. Let A = kQ/I be an algebra of dihedral type of polynomial growth, and let € be a 
connected component of the stable Auslander-Reiten quiver of A. 

(i) If € is a non-periodic component, then £ is stable under Q and the stable endomorphism 
ring of every module V belonging to £ is isomorphic to k. If £ is of the form ZA^i, then 
there is precisely one Q-orbit of A-modules V in £ and R(A, V) = A. // £ is of the form 
lA^^i, then there are precisely two Q-orbits of A-modules V in € and R(A,V) = fc[[i]]/(i 2 ). 
// £ is of the form Z,A^^, then there are precisely three Q-orbits of A-modules V in £ and 
R(A,V) is isomorphic to either k or k[[t]]/(t 2 ). 

(ii) Suppose £ is a ?>-tube. 7/fi(£) = £, then the only modules in £ whose stable endomorphism 
rings are isomorphic to k are the modules V at the boundary of £ and R(A,V) = k. If 
f2(£) £, then there are precisely three Q-orbits of modules V in £ U Q(£) whose stable 
endomorphism rings are isomorphic to k and R(A,V) is isomorphic to either k or k[[t]]. 

(hi) Suppose £ is a 1-tube. 7/f2(£) — £ 7 then no module in £ has a stable endomorphism ring 
isomorphic to k. If Q{€) ^ £, then the only module in £ whose stable endomorphism ring 
is isomorphic to k is the module V at the boundary of £ and R{A,V) = k[[t]]. 

The main steps to prove Theorem 1 1.1 1 are as follows: We use that for each algebra A of dihedral 
type of polynomial growth, A/soc(A) is a string algebra, which means that all non-projective in- 
decomposable A-modules are given combinatorially by string and band modules (see [5]). We use 
the description of the A-module homomorphisms between string and band modules given in |12] 
to find all A-modules V whose stable endomorphism rings are isomorphic to k. Since by [5] the 
universal deformation ring of V is preserved by the syzygy functor f2, it turns out that we only 
have to consider finitely many isomorphism classes of string modules V whose stable endomorphism 
rings are isomorphic to k. Moreover, there is precisely one band attached to each A, which means 
that we only have to determine for which /i G k* the stable endomorphism ring of the band module 
V which is associated to /i and which lies at the boundary of its 1-tube is isomorphic to k. We then 
compute the ^-dimension of Ext^y, V) for each obtained string or band module V and use this to 
determine the isomorphism type of the universal deformation ring R(A, V). 

Let G be a finite group. In [TTJ Thm. 4.1], the blocks B of kG which are representation infinite of 
polynomial growth were determined. It was shown that B is such a block if and only if char(fc) = 2 
and the defect groups of B are Klein four groups. In particular, B is an algebra of dihedral type of 
polynomial growth. The determination of the universal deformation rings in Theorem 11.11 enables us 
to give a characterization of representation infinite blocks of polynomial growth in terms of universal 
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deformation rings (see Corollary 13.41) . Note that the full universal deformation rings of modules for 
blocks with Klein four defect groups were determined in [2J. 

The paper is organized as follows. In |J5J we recall the definitions of deformations and defor- 
mation rings. In SJ3J we describe the quivers and relations of all basic algebras A of dihedral type 
of polynomial growth provided in Sect. 4] and prove Theorem 11.11 In Sj?J we give a brief 
introduction to string and band modules as given in |S]. 

Part of this paper constitutes the Ph.D. thesis of the second author under the supervision of the 
first author [13]. 

2. VERSAL AND UNIVERSAL DEFORMATION RINGS 

In this section, we give a brief introduction to versal and universal deformation rings and defor- 
mations. For more background material, we refer the reader to [6]. 

Let A: be a field of arbitrary characteristic. Let C be the category of all complete local commu- 
tative Noetherian fc-algebras with residue field k. The morphisms in C are continuous k- algebra 
homomorphisms which induce the identity map on k. 

Suppose A is a finite dimensional fc-algebra and V is a finitely generated A-module. A lift of V 
over an object R in C is a finitely generated R <S>k A-module M which is free over R together with a 
A-module isomorphism <j> : k (gifj M — > V. Two lifts (M, <fi) and (M ! , (f>') of V over R are isomorphic 
if there exists an R <E>k A-module isomorphism / : M — > M' such that <jj o [k ® R f) = <j>. The 
isomorphism class of a lift (M, (j>) of V over R is denoted by [M, <fr] and called a deformation of V 
over R. We denote the set of all such deformations of V over R by Hei\(V,R). The deformation 
functor 

Fy :C -> Sets 

is the covariant functor which sends an object R in C to DefA(V, R) and a morphism a : R — > R' in 
C to the map Def A (V, R) -» Def A (V, R') defined by [M, 4>] H> [R' <E) R . a M, cf) a ], where <fr a = <f> after 
identifying k ® R > (R' ® fl , Q M) with k ® R M. 

Suppose there exists an object R(A, V) in C and a deformation [!7(A, V), <fiu] of V over R(A, V) 
with the following property: For each R in C and for each lift (M, <fi) of V over R there exists a 
morphism a : R{A, V) — ► R in C such that Fy(a)([U(A, V),<j>u]) — [M, <j>], and moreover a is unique 
if R is the ring of dual numbers k[e]/(e 2 ). Then R(A,V) is called the versal deformation ring of 

V and [U(A,V),4>u] is called the versal deformation of V. If the morphism a is unique for all R 
and all lifts (M, <fi) of V over R, then R(A, V) is called the universal deformation ring of V and 
[U(A,V),4>u] is called the universal deformation of V. In other words, R(A,V) is universal if and 
only if R(A, V) represents the functor Fy in the sense that Fy is naturally isomorphic to the Horn 
functor Hom c -(i?(A, V"), -). 

Note that the above definition of deformations can be weakened as follows. Given a lift (M, <j>) 
of V over a ring R in C, define the corresponding weak deformation to be the isomorphism class of 
M as an R®k A-module, without taking into account the specific isomorphism <fi : k® R M — > V. In 
general, a weak deformation of V over R identifies more lifts than a deformation of V over R that 
respects the isomorphism </> of a representative (M, <j>). However, if A is self-injective and the stable 
endomorphism ring End ^fV) is isomorphic to k, these two definitions of deformations coincide (see 
Thm. 2.6]). 

It is straightforward to check that every finitely generated A-module V has a versal deformation 
ring and that this versal deformation ring is universal if the endomorphism ring EndA(V r ) is iso- 
morphic to k (see [6j Prop. 2.1]). Moreover, Morita equivalences preserve versal deformation rings 
(see [SI Prop. 2.5]). If A is self-injective, we obtain the following result, where fi denotes the syzygy 
functor (see e.g. [TJ pp. 124-126]). 

Theorem 2.1. ([SJ Thm. 2.6]) Let A be a finite dimensional self-injective k-algebra, and suppose 

V is a finitely generated A-module whose stable endomorphism ring End^(V) is isomorphic to k. 

(i) The module V has a universal deformation ring R(A,V). 
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(ii) If P is a finitely generated projective A-module, then End A (V © P) = k and R(A, V) = 
R(A,V®P). 

(iii) If A is moreover a Frobenius algebra, then End A (fl(V)) = k and i?(A, V) = i?(A, fl(V)). 

3. Algebras of dihedral type of polynomial growth 

In this section we consider all algebras of dihedral type which are of polynomial growth. Let 
k be an algebraically closed field of arbitrary characteristic. Algebras of dihedral type are certain 
symmetric algebras which play an important role in Erdmann's classification of all tame blocks of 
group algebras with dihedral defect groups up to Morita equivalence (see QI)]). Since by [7], these 
tame blocks have at most three isomorphism classes of simple modules, this is also the case for 
the algebras of dihedral type. However, the class of algebras of dihedral type strictly contains the 
Morita equivalence classes of these tame blocks. A fc-algebra is said to be of polynomial growth if 
it is tame, i.e. its indecomposable modules of any given fc-dimension d can (up to finitely many 
exceptions) be parameterized using only a finite number /i(d) of one-parameter families, and if 
there is a natural number m such that /i(d) < d m for all d > 1. Erdmann and Skowronski classified 
in [TT| Sect. 4] all algebras of dihedral type of polynomial growth up to Morita equivalence. In 
particular, they showed in [TT| Thm. 4.1] that the only tame blocks with dihedral defect groups 
which are of polynomial growth have Klein four defect groups. The latter fall into three distinct 
Morita equivalence classes of algebras with either exactly one or exactly three isomorphism classes 
of simple modules. 

Let A = kQ/I be an algebra of dihedral type of polynomial growth. Then Q is one of 8 possible 
quivers listed in Figure [TJ For each Q, Erdmann and Skowronski provide either one or two ideals / of 
kQ to obtain a complete list of Morita equivalence classes of algebras of dihedral type of polynomial 
growth. These ideals / are listed in Figure O 

For each algebra A in Figure [2] A/soc(A) is a string algebra. In particular, all indecomposable 
non-projective A- modules are given combinatorially by string and band modules (see [8]). Moreover, 
the A-module homomorphisms between string and band modules have been explicitly described in 
|12j . For the convenience of the reader, we give a brief introduction to string and band modules in 

SI 

For each A, there exists a unique pair (p, q) S {(1, 1), (3, 1), (3, 3)} and a unique band B such that 
the stable Auslander-Reiten quiver of A consists of a non-periodic component of the form ZA p _ q , 
one p-tube and one g-tube consisting of string modules, and for each [i € k* a 1-tube consisting of 
band modules with M(B,/i, 1) lying at the boundary of this 1-tube. 

In the following subsections, we find for each A in Figure [2] all indecomposable modules whose 
stable endomorphism rings are isomorphic to k and we determine for each such module its universal 
deformation ring. We organize the modules according to the components of the stable Auslander- 
Reiten quiver of A to which they belong. 

3.1. Non-periodic components. In this subsection, we show that the stable endomorphism ring 
of every module which belongs to the non-periodic component of the stable Auslander-Reiten quiver 
is isomorphic to k and determine the universal deformation ring of each of these modules. 

Proposition 3.1. Let A = kQ/I be a basic algebra of dihedral type of polynomial growth, and 
let £ be the non-periodic component of the stable Auslander-Reiten quiver of A. Then the stable 
endomorphism ring of every module belonging to £ is isomorphic to k. 

(i) If A = D(l) c for c G {0,1}, then there is precisely one tt-orbit of modules in £ and 
i?(A, V) = A for every module V belonging to £. 

(ii) If A = D(2A) C for c 6 {0, 1}, then there are precisely two fl-orbits of modules in £ and 
R(A,V) = k[[t]}/(t 2 ) for every module V belonging to £. 

(iii) If A e {D(3A)i, D(3IC)}, then there are precisely three il-orbits of modules in £ and 
i?(A, V) = k for every module V belonging to £. 
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Figure 1 . Quivers of algebras of dihedral type of polynomial growth. 

iA = 2A = L* 1 





Figure 2. Algebras of dihedral type of polynomial growth. 



D(l) = k[lA}/(a 2 ,f3 2 ,aP~/3a}, 

£>(l)i = k[lA]/(a 2 ,(3 2 -a/3,af3 - (3a) and char(/c) = 2, 

D(2A) = k[2A]/(a 2 ,(3 1 ,a 1 (3- 1 f3a} 1 

D(2A)i = k[2A]/(a 2 - cry/?, /3j, aj/3 - -y/3a) and char(fc) = 2, 

D(3A)i = k[3A]/{iP,Sri,fariS-r)Sfa), 

D(3A) 2 = fc[3^]/( 7 r7,<5/3,(/37) 2 -M) 2 }, 

D(3B) 2l i - k[iB]/{a 1 ,p a , 1 T ll 5p i a 2 ^ 1 P,P 1 ^(r 1 5) 2 ), 

D(3B) 2 . 2 = fc[3S]/(a7,/3a,7^%a 2 -(7/5) 2 ,(/37) 2 -^}, 

D(3V) 2 = fc[3P]/(a 7 ,/3a,7^^,^,^,a 2 -7/S,/S7-^^-e 2 >, 

D(3/C) = k[3K.]/(P\,'yri,8P,r)K,K'y,\6,/3'y-ri6,'YP- X^Sn-nX}, 

D(3C) = k[3C]/(aX,/3a,a 2 - (XS/3) 2 , 5(f3XS) 2 } , 

D(3Q) = k[3Q]/(a\,/3a,5p,pf3,a 2 - XS/3, (3X6 - p 2 ). 



If A 6 {D(3A) 2 , D(3B) 2 ,!, D(3B) 2 ,2, D(3V) 2 , D{3£), D(3Q)} , then there are precisely three 
Q,-orbits of modules in € and R(A, V) = k for V in precisely one of these Q-orbits and 
R(A,V) = k[[t]]/(t 2 ) for V in the remaining two £l-orbits. 
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Proof. Suppose first that Q has a unique vertex, i.e. A = -D(l) c for c G {0, 1}, where c = 1 only 
occurs when char(fc) = 2. Then £ is of the form ZAn and there is precisely one fi-orbit of A- 
modules in £ represented by the simple module Sq corresponding to the unique vertex in Q. To 
prove part (i), we can by Theorem 12.11 restrict to the case when V = Sq. Note that A is a ring 
in C and that U — A defines a lift of So over A, where a simple tensor a <S> b g A<E>k A acts on U 
as multiplication by ab. Let R be an arbitrary ring in C and let M be a lift of Sq over R. Then 
the A-action on M = R is given by a continuous fc-algebra homomorphism tm : A — > R which 
induces the identity on the residue field fc, i.e. tm is a morphism in C. Moreover, since M is free 
of rank 1 over R, Autn<g )k A(M) = Aut^(M) = GLi(i?), which implies that tm is unique. Since 
M = R<E>a,t m U, it follows that U defines a universal lift of Sq over A. In other words, R(A, So) = A, 
which proves part (i). 

Next suppose that Q has two vertices, i.e. A = D(2A) C for c G {0, 1}, where c = 1 only occurs 
when char(fc) = 2. Then £ is of the form ZA31 and there are precisely two f2-orbits of A-modulcs 
in £ represented by the simple module So and the string module M(/3). To prove part (ii), we can 
by Theorem [2~T1 restrict to the case when V G {S ,M(/3)}. We have End A (V) = k = Ext\(V, V), 
which implies that R(A, V) is isomorphic to a quotient algebra of k[[t]}. There exists a non-split 
short exact sequence of A-modules 

where M = M(a) (resp. M = Mifia- 1 ^ 1 )) if V = S (resp. V = M(f3)). This means that M 
defines a non-trivial lift of V over fc[[i]]/(i 2 ) where the action of t is given by u o r. Hence there 
exists a unique surjective fc-algebra homomorphism ijj : R(A, V) — > k[[t]]/{t 2 ) in C corresponding to 
the deformation defined by M. We need to show that ip is an isomorphism. Suppose this is false. 
Then there exists a surjective fc-algebra homomorphism ipo : R(A, V) — > fc[[t]]/(t 3 ) in C such that 
iroip = ip where n : k[[t]]/(t 3 ) -t k[[t]]/(t 2 ) is the natural projection. Let M be a fc[[£]]/(£ 3 ) ®fc A- 
module which defines a lift of V over fc[[£]]/(i 3 ) corresponding to tpQ. Because Mq/^Mq = M and 
t 2 Mo = V, we obtain a non-split short exact sequence of fc[[i]]/(£ 3 ) <g>fc A-modules 

V" M -> A/ 0. 

bmce Ext\(M, V) = 0, this sequence splits as a sequence of A-modules. Hence Mq — V © M as 
A-modules. Writing elements of Mo as (v,x) where v € V and x G A/, the action of t on Mo is 
given by t (u, x) = (cr(a;), i a;), where <j : M — > V is a surjective A-module homomorphism. Since for 
each such a its kernel is equal to tM, it follows that t 2 (v,x) = (a(tx),t 2 x) = (0,0) for all v G V 
and cc G A/. But this is a contradiction to t 2 Mo = V. Thus ip is a fc-algebra isomorphism and 
R(A, V) = k[[t\\/{t 2 ), which proves part (ii). 

Next suppose Q has precisely three vertices. Then £ is of the form ZA3 3 and there are precisely 
three fi-orbits of A-modules in £ represented by Vq, V\, V2 as follows: 

. If A G {D(3A)i,D(3A) 2 }, then V = Si, V x = M(p), V 2 = M( v ). 

• If A = D(3B) 2 ,x, then V = S u Vi = S 0) V 2 = M( v ). 

• If A = £>(3B) 2 , 2 , then V = M (t^^ 1 ), V x = S , V 2 = M( 7 ). 

• If A G {D(3V) 2 ,D(3)C))}, then V = = S 0l V 2 = S 2 . 

• If A = D(3C), then V = M((3), V x = S , V 2 = M(S(3). 

• If A = D(3Q), then V Q = M{8), Vi = So, V" 2 = Si. 

In all cases, End A (Vi) = fc for i G {0, 1, 2} and Ext A (V , V ) = 0. Hence i?(A, Vb) = fc. 

If A G {L»(3^)i,L>(3/C)}, then Ext A (^,^) = also when i G {1,2}, implying R(A,V t ) ^ fc for 
all i G {0, 1, 2}, which proves part (iii). 

Finally, suppose A G {D(3A) 2 , D(3B) 2A , D(3S) 2 , 2 , D(3V) 2 , D(3L), D(3Q)}, and let i G {1,2}. 
Then Ext^(V^, Vi) = fc, which implies that i?(A, V^) is isomorphic to a quotient algebra of k[[t]]. To 
prove that R(A, Vi) = fc[[t]]/(i 2 ), we first show that Vi has a non-trivial lift Mi over k[[t]}/(t 2 ). We 
define M^ as follows: 

• If A = D(3A) 2 , let Mi = M(^(3) and M 2 = M(r)5r)). 
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• If A = D(3B) 2 ,i, let Mi = M(a) and M 2 = M(rfirf). 

• If A = £>(3S) 2 , 2 , let Mi = M{a) and M 2 = M( 7 ^y). 

• If A = D(3V) 2 , let Mi = M{a) and M 2 = M(£). 

• If A = D(3£), let Mi = M(a) and M 2 = M(5p\Sp). 

• If A = D(3Q), let Mi = M(a) and M 2 = M(p). 

Let z G {1, 2}. In all cases, there exists a non-split short exact sequence of A-modules 

V* Mi Vi 

which means that Mi defines a non-trivial lift of Vi over fc[[i]]/(i 2 ) where the action of t is given by 
tjOTj. Since Ext A (Mj, Vi) = and the only surjective A- module homomorphisms <jj : Mj — > Vi have 
kernel equal to tMi, we can argue similarly to the case D(2A) C to show that R(A, Vi) = k[[t]]/(t 2 ) 
for i G {1,2}, proving part (iv). □ 

3.2. 3-tubes. In this subsection, we find all modules belonging to 3-tubes of the stable Auslander- 
Rcitcn quiver whose stable endomorphism rings are isomorphic to k and determine their universal 
deformation rings. 

Proposition 3.2. Let A = kQ/I be a basic algebra of dihedral type of polynomial growth, let T be 
a 3-tube of the stable Auslander-Reiten quiver of A consisting of string modules, and let To be a 
module belonging to the boundary of T. 

(i) If A = D(l) c for c G {0, 1}, then T does not exist. 

(ii) If A = D(2A) C for c G {0, 1}, then T is unique and stable under O. There is precisely one 
Q- orbit of modules in T whose stable endomorphism rings are isomorphic to k represented 
by Tq, and R(A,Tq) = k. 

(iii) If A £ {D(3A)i, D(31C)} , then % is one of two 3-tubes and T is stable under tt. There is 
precisely one Q- orbit of modules in T whose stable endomorphism rings are isomorphic to 
k represented by Tq, and R(A,Tq) = k. 

(iv) //AG {D(3A) 2 , D(3B) 2 ,u D(3B) 2 ,2, D(3V) 2 , D(3£), D(3Q)}, then 1 is one of two 3-tubes 
and n interchanges these two 3-tubes. There are precisely three fl-orbits of modules in 
IU 51(T) whose stable endomorphism rings are isomorphic to k represented by Tq, by a 
successor T\ of Tq, and by a successor T 2 of T\ which does not lie in the fl-orbit of Tq. 
Moreover, R(A,T ) = k = R(A,Ti) and R(A,T 2 ) = k[[t]}. 

Proof. If A = -D(l) c then there are precisely two maximal directed strings, which means that the 
stable Auslander-Reiten quiver of A does not contain any 3-tubes. 

Suppose now that A = D(2A) C for c G {0, 1}, where c = 1 only occurs when char(fc) = 2. Then 
T is unique and hence stable under ft. Using hooks and cohooks (see [5J pp. 166-174]), we see that 
the fi-orbits of all A-modules in T are represented by Si , which lies at the boundary of 1, and by 

T ld - M ((a-^py^a- 1 ) , 

T 2d = M ((a-^py-'a- 1 -/) , 

T 3J = M ((a^jpya^p- 1 ) 

for all j > 1. For i G {1,2,3} and j > 1, there exists an endomorphism of T+ j whose image 
is isomorphic to Sq and which does not factor through a projective A-module. Hence, the only 
modules in T whose stable endomorphism rings are isomorphic to k lie in the il-orbit of S±. Since 
Ext\(Si, S\) — 0, we obtain that i?(A,To) = k for all To at the boundary of T, which proves part 
(ii). 

Next suppose A has precisely three isomorphism classes of simple modules. Then T is one of two 
3-tubes. 

If A = D(3^4)i (resp. A = D(3JC)), then T is stable under and the fTorbit of the modules at the 
boundary of T is represented by T = S\ or T = S 2 (resp. by T = M(j) or T = M(A)). Arguing 
similarly to the case D(2A) C , we see that the only modules in T whose stable endomorphism rings 
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are isomorphic to k lie in the fi-orbit of To. Since Ext A (To,To) = 0, we obtain that R(A,Tq) = k, 
which proves part (hi). 

If A G {D(3A) 2 ,D(3B) 2 ,i,D(3B) 2 , 2 ,D(3V) 2 ,D(3C),D(3Q)}, then n(T) / X. The representa- 
tives To,Ti,T2 from the statement of part (iv) can be taken to be as follows: 

• If A = D{3A) 2l then T = S^Tj = M^V 1 ^ 1 ), T 2 = AZ^V 1 )- 

• If A = £>(3S) 2 ,i, then T = S 2 ,T X = M^" 1 )^ = M(6"/~ 1 af3~ 1 ). 

• If A = D(3B) 2 , 2 , then T = M{S~ 1 ),T 1 = Si,T 2 = M^a" 1 ). 

• If A = D(3V) 2 , then T = M(7" 1 ),Ti = Af^a/?- 1 ), T 2 = Mfr- 1 ^- 1 ^" 1 ). 

• If A = D(3C), then T = S 2 ,Ti = M(6),T 2 = M^/faT 1 ). 

• If A = B>(3Q), then T = S^Ti = Af^p- 1 )^ = M (fy-^ar 1 ). 

Arguing similarly to the case D(2A) C , we see that the only modules in T whose stable endomorphism 
rings are isomorphic to k lie in the f2-orbits of To,Ti,T2. If i G {0, 1} then Ext^ (T,T) = and 
hence i?(A, T) = k. On the other hand, Ext^T^, T 2 ) = k, which implies that B(A, T 2 ) is isomorphic 
to a quotient algebra of k[[t]}. To prove that R(A,T 2 ) = k[[i\], it is therefore enough to prove that 
T 2 has a lift L 2 over k[[i\] such that L 2 /t 2 L 2 defines a non-trivial lift of T 2 over fc[[i]]/(t 2 ). We 
define L 2 as follows: 

• If A = Z)(3.4)2, let L 2 be the free fc[[t]]-module of rank 4 with an ordered basis {-Bo, Bi,B 2 , B3} 
and define a A-module structure on L2 by letting (the image of) each vertex (resp. arrow) c 
in Q act on {Bo, Bi, B 2 , B3} as the following 4x4 matrix X c : X eo = Boo, X ei = En + B33, 
X e2 = E 22 , Xp = tE 30 , X 1 — B i, X$ = E 2 i and X v = E 32 . Here E 3i denotes the 4x4 
matrix which sends Bi to Bj and all other basis elements to 0. 

• If A = D(3B) 2 .i, let L2 be the free k [[t]] -module of rank 5 with an ordered basis {-Bo, ■ • ■ , B4} 
and define a A-module structure on L2 by letting (the image of) each vertex (resp. arrow) c 
in Q act on {Bo, B4} as the following 5x 5 matrix X c : X eo = -E22+-E33, X ei = Eh+Em, 
X e . 2 = Boo, X a = B23, Xp = B43, Xj = E 2 \, Xs = Eqi and X n = tE^. 

• If A = D(3B) 2y2 , let L 2 be the free fc[[t]]-module of rank 3 with an ordered basis {-Bo, B\, B 2 } 
and let (the image of) each vertex (resp. arrow) c in Q act on {Bo, B%, B 2 } as the following 
3x3 matrix X c : X eo = En + E 22 , X ei = E 0Q , X e2 = 0, X a = E 2 \, Xp — E m , X 1 — tE 2 o, 
X s =0 and X v = 0. 

• If A = D(3T>) 2 , let L 2 be the free fe[[f]]-module of rank 6 with an ordered basis {B , . . . , B 5 } 
and let (the image of) each vertex (resp. arrow) c in Q act on {Bo, . . . , -B5} as the following 
6x6 matrix X c : X eo — En +E 22 , X ei — E o + E 33 , X e2 = B44 + B55, X a — E\ 2 , Xp — B32, 
X 1 = Bio, Xs — tEso, X v — B34 and X^ — B54. 

• If A = D(3C), let 1/2 be the free k[[i\] -module of rank 4 with an ordered basis {Bo, . . . , B3} 
and let (the image of) each vertex (resp. arrow) c in Q act on {Bo, . . . , B3} as the following 
4x4 matrix X c : X eo — E 22 + B 33 , X ei = En, X e . 2 — E 00 , X a — B 32 , Xp — Ei 2 , Xs = E m 
and X x = tE 30 . 

• If A = _D(3Q), let B2 be the free fc[[f]]-module of rank 5 with an ordered basis {B , . . . , B4} 
and let (the image of) each vertex (resp. arrow) c in Q act on {B , . . . , B4} as the following 
5x5 matrix X c : X eo = B 33 + B 44 , X ei = En + E 22 , X e2 = B 00 , X a — E i3 , Xp = E 23 , 
Xs = B01, X\ = tE^o and X p = E 2 \. 

In all cases, B2 is a k[[i\] ®fc A-module which is free as a fc[[t]]-module, L 2 /tL 2 = T 2 as A-modules, 
and L 2 /t 2 L 2 defines a non-trivial lift of T 2 over k[[t]]/(t 2 ). This implies that R(A,T 2 ) ^ k[[t}], 
proving part (iv). □ 

3.3. 1-tubes. In this subsection, we find all modules belonging to 1-tubes of the stable Auslander- 
Rcitcn quiver whose stable endomorphism rings are isomorphic to k and determine their universal 
deformation rings. 

For each A in Figure [51 there exists a unique band B. For each p, 6 k*, the band module 
M (B, /j, 1) lies at the boundary of its 1-tube. If A = B(l) c then B = /3a" 1 , and we allow /i to lie in 
fcU{oc} by defining Af(/3or\ 0, ro) = M (a- 1 ^^ 1 )™- 1 ) and M^oT 1 , 00, m) = M ((^a™ 1 )™" 1 /?) 
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for all to G Z + . If A = D(2A) C then B = a(3 1 7 1 , and we allow ^ to lie in k by defining 
M(a/3 _1 7 _1 , 0, to) = M (l3~ 1 "f~ 1 (a/3- 1 j- 1 ) m ~ 1 ) for all to G Z+. By extending the values of ^ this 
way, it follows that we can view the string modules belonging to 1-tubes as band modules. This 
allows us to treat all modules in 1-tubes in a uniform way. 

Proposition 3.3. Let A = kQ/I be a basic algebra of dihedral type of polynomial growth, and let 
B be the unique band for A. Let m G Z + , and let /x G k U {oo} (resp. fi G k, resp. /x G k*) according 
to Q having 1 (resp. 2, resp. 3) vertices. Then the stable endomorphism ring ofM(B,fj,,m) is 
isomorphic to k if and only if m = 1 and Q(M(B, fi, 1)) =^ M(B, /x, 1). More precisely: 

(i) If A G {D(l) ,D(2A)o,D(3A)i,D(3)C)} then End A (M(B, u, D) = k if and only if char (k) ± 
2 and /x G k*. 

(ii) If A G {D(l)!,D(2A)i} then End A (M (B , /x, 1)) = fc if and onfy if /j, G k. 

(iii) //A G {L>(3^)2,£»(3S) 2 .2,£»(3P)2,-D(3£)} i/ien End A (M(B, ^, 1)) = /c if and only if fi 2 ^ 
-1. 

(iv) //A G {£>(3B) 2 ,i, £»(3Q)} tfien End A (Af( J B, /i, 1)) = if and only if fi 2 / 1. 
In all cases, if End A lM (B, u, 1)1 = fc i/ien R(A,M(B,fi, 1)) = fc[[i]]. 

Proof. By [T^] , it follows in all cases that if Af is a module in a 1-tube whose stable endomorphism 
ring is isomorphic to k, then M has to belong to the boundary of the 1-tube. 

Suppose first that Q has a unique vertex, i.e. A — D(l) c for c G {0,1}, where c = 1 only 
occurs when char(fc) = 2. Then B = /3a" 1 and M((3) = M(B, oo, 1) always satisfies fi(M(/3)) = 
M(f3) and End A (M(ff)) ^ k. If c = and char(fc) = 2 then Q(M(5,/i,l)) = M(B,fj,, 1), and 
End A (M(B,/x, 1)) ^ fc for all /x G fc. If c = and char(fc) ^ 2 then Q(M(.B, /x, 1)) ^ M(B, -/x, 1), 
and End A (Af (_B, /x, 1)) = fc if and only if /x G fc*. If c = 1 then Q(M(B,/j,, 1)) = M(S, 1 - ,u, 1), 
and End A (M(i?, /i, 1)) = fc if and only if /x G k. In all cases when End A (Af(i?, /x, 1)) = k, we have 
Ext A (Af(£?, /i, 1), M(B, /x, 1)) = fc, which means that R(A, M(B, /x, 1)) is isomorphic to a quotient 
algebra of k[[t]]. Define L M to be the free fc[[i]]-module of rank 2 with an ordered basis {Bq,Bi} 
and define a A- module structure on L M by letting (the image of) a (resp. (3) act on {i3 ,-Bi} by 
X a = Eoi (resp. Xp = (fi + t)E i). Here E 01 denotes the 2x2 matrix which sends Bi to Bo and 
B to 0. Then L^ is a fc[[t]] ®k A-module which is free as a k[[t]] -module, L^/tL^ = M(B,fj,, 1) as 
A-modules, and L^/^L^ defines a non-trivial lift of M(B,n, 1) over fc[[£]]/(t 2 ). This implies that 
R(A,M(B,fi,l))^k[[t}]. 

Next suppose that Q has two vertices, i.e. A = D(2A) C for c G {0, 1}, where c = 1 only 
occurs when char(fc) = 2. Then B = aP^ 1 ^ 1 . If c = and char(fc) = 2 then Q(M(B, fi, 1)) = 
M(B,fi, 1), and End A (M(B,/x, 1)) ^ k for all If c = and char (k) / 2 then Q,(M(B, /x, 1)) = 

M(B,-n, 1), and End A (Af (£?, /x, 1)) = fc if and only if /x G fc*. If c = 1 then Q(M(B, /x, 1)) = 
Af(x3, 1— /x, 1), and End A (M(_B, /x, 1)) = fc if and only if /x G fc. In all cases when End A (Af (B, /x, 1)) = 
k, we have Ext A (Af(_B,/x, 1), M(B,fj,, 1)) = fc, which means that i?(A, M(B, /i, 1)) is isomorphic to 
a quotient algebra of fc [[<]]. Define L p to be the free k[[t]} -module of rank 4 with an ordered basis 
{Bo, B\, £?2, B3} and define a A-module structure on L M by letting (the image of) a (resp. (3, resp. 
7) act on {B ,B 1 ,B 2 ,B 3 } by X a = (fi + t)E 01 (resp. Xp = E 2 \, resp. X 7 = ^02)- Here Ej t 
denotes the 3x3 matrix which sends Bi to Bj and all other basis elements to 0. Then i M is a 
fc[[f]](g>fc A-module which is free as a fc[[i]]-module, L^/tL^ = M(B,[i, 1) as A-modules, and L^jt^L^ 
defines a non-trivial lift of M(B,fi, 1) over k[[t]]/(t 2 ). This implies that R(A,M(B,^i, 1)) = k[[t]j. 

Next suppose that Q has precisely three vertices and that A G {D(3A)i, D(3K.)}. If A = 
D(3A)i then B = PjS^T)- 1 , and if A = L>(3/C) then B = l3K- 1 Sj- 1 \r / - 1 . If char(fc) = 2 then 
Q,(M(B, n, 1)) = M(B,n,l), and End A (M(B, /x, 1)) ^ fc for all i< G k*. If char(fc) ^ 2 then 
tt(M(B,n, 1)) = Af (£?, -/x, 1), and End A (Af (_B, /x, 1)) = fc if and only if ^ G k* . In all cases when 
End A (Af (_B, /x, 1)) = fe, it follows similarly to the case x9(2^) c that R(A,M(B,^i, 1)) = k[[t]j. 

Next suppose that Q has precisely three vertices and that A G {£>(3„4)2, D(3,B)2.2, 0(^)2, D(3jC)} 
If A = x9(3^) 2 then B = p^S^r]- 1 , if A = D(3B) 2 .2 then B = ap' 1 ^ 1 , if A = D(3V) 2 then 
B = afS^rj^Sj- 1 , and if A = D(3C) then B = a/?- 1 ^-^- 1 . We have Cl(M(B, /x, 1)) = 
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M(B, — 1), and End A (M(B, /i, 1)) = fc if and only if /j? ^ -1. If /i 2 ^ -1 then it follows 
similarly to the case D(2A) C that R(A, M{B, fi, 1)) = fc[[t]]. 

Finally suppose that Q has precisely three vertices and that A G {Z?(3£>)2,i, £>(3Q)}. If A = 
£>(3i3) 2 ,i then B = o^- Vt~\ if A = L>(3Q) then B = a/3" 1 pJ^A" 1 . We have n(M(B, fx, 1)) ^ 
M(£, l/,u, 1), and End A (M(S, ^, 1)) = fc if and only if \? ^ 1. If pt 2 ^ 1 then it follows similarly 
to the case D(2A) C that i?(A, A/(5, ^, 1)) = fc[[t]]. □ 

3.4. Blocks which are representation infinite of polynomial growth. Let G be a finite group 
and let B be a block of kG which is representation infinite of polynomial growth. By [111 Thm. 
4.1], this occurs if and only if char(fc) = 2 and the defect groups of B are Klein four groups. In this 
case, B is Morita equivalent to either D(l) , or D(3A)i, or Z?(3/C). Using Propositions 13.11 I3T21 and 
13. 3i we obtain the following result. 

Corollary 3.4. Let A = kQ/I be a basic algebra of dihedral type of polynomial growth. Then 
i?(A, V) is finite dimensional over k for all finitely generated A-modules V with End A (V) = k if 
and only if char(fc) = 2 and A is Morita equivalent to either D(1)q 7 or D(2A)o, or D(3A)i, or 
£>(3/C). 

In particular, suppose G is a finite group and B is a block of kG. Then B is representation 
infinite of polynomial growth if and only if B is Morita equivalent to an algebra A of dihedral type 
of polynomial growth and i?(A, V) is finite dimensional over k for all finitely generated A-modules 
V with End A (y) ^ k. 

Note that D(2A)o is not Morita equivalent to a block of a group ring in characteristic 2. The 
reason is that if it were Morita equivalent to a block B, then the defect groups of B would have 
to have cardinality 4 and hence they would have to be Klein four groups. However, all blocks with 
Klein four defect groups are Morita equivalent to either Z?(l)o, or D(3A)i, or D(3K,). 

4. Appendix: String and band modules 

Let k be an algebraically closed field, and let A — kQ/I be a basic algebra of dihedral type of 
polynomial growth as in Figured] Then A = A/soc(A) = kQ/J is a string algebra. In particular, 
all non-projective indecomposable A-modules are inflated from string and band modules for A. In 
this appendix, we give a brief introduction to these string and band modules. For more details, see 

For each arrow £ in Q with starting vertex s{C/) and end vertex e(£), we define a formal inverse 
with s(C _1 ) = e(C) and e(£ -1 ) = s((). A word w is a sequence w\ ■ ■ • w n , where Wi is either 
an arrow or a formal inverse such that s(wi) = e(wi+i) for 1 < i < n — 1. Define s(w) = s(w n ), 
e(w) = e(wi) and = w^ 1 ■ ■ ■ lof . For each vertex u in Q, there is also an empty word l u of 
length with e(l u ) = u = s(l u ) and = lu- Denote the set of all words by W. 

Definition 4.1. Define an equivalence relation ~ on W by w ~ w' if and only if w = w' or 
= w' . A string is a representative w S W of an equivalence class under ^ s with the following 
property: Either w = l u for some vertex u in Q, or w — wi ■ ■ ■ w n for some n > 1 where Wi ^ w~ +1 
for 1 < i < n — 1 and no subword of w or its formal inverse belongs to J. 

If C = l u for some vertex u in Q, then the string module M(l u ) is defined to be the simple 
A-module S u corresponding to u. Let now C = Wi • ■ • w n be a string of length n > 1, and define 
v (i) — e(wi+i) for < i < n— 1 and v(n) = s(w n ). Then the string module M(C) is defined to have 
an ordered fc-basis {zo, Zi, . . . , z n } such that the A-action on M(C) is given by letting (the images 
of) each vertex u and each arrow £ of Q act on {zo, Z\, . . . , z n } as the following (n + 1) x (n + 1) 
matrices X u and X^, respectively: X u sends zi to itself if v(i) = u and X u sends zi to otherwise; 
whereas Xq sends Zi to (resp. Zi + i) if Wi = £ (resp. w^+i = C ) and Xq sends zi to 
otherwise. 

Definition 4.2. For each A = kQ/I as in Figure [5] there exists a unique band B as follows: 
• If A = D(l) c , then B = j3aT l . 
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• If A = D(2A)c, then B = ap- 1 ^ 1 , 

• If A € {D(3A)i,D(3A) 2 }, then B = p-yd^r)- 1 . 

• If A = £>(3B) 2 ,i, then B = a/3~ V7 _1 - 

• If A = D(3B) 2 ,2, then B = a/?"^" 1 . 

• If A = D(3V)2, then B = a^rj^Sj- 1 . 

• If A = D(31C), then B = Pn~ 1 5 1 ~ 1 \ir 1 

• If A = D(3£), then B = a^S^X' 1 . 

• If A = D(3Q), then B = a^ 1 p^ 1 A" 1 . 

Let B = w\ ■ ■ ■ w n be the band for A = kQ/I as above, and define v(i) = e(wi+i) for < i < n — 1. 
Then for each integer m > and each fj, E k*, the band module M(B, /i, m) is defined to have an 
ordered /c-basis 

(4.1) {zo,l, z 0, 2, • • • , V) ^1,1, . . . , Zi 

such that the A-action on M(B, fJ,,m) is given by letting (the images of) each vertex u and each 
arrow ( of Q act on the basis in (|4.ip as the following nm x rtrra matrices and , repsectively : X u 
sends Zij to itself if v(i) — u and X u sends Zij to otherwise; whereas X^ sends Zij to M^Oj' + ^o.j+i 
(resp. 2i-ij, resp. Zj+i,./) if lOj = C an d i = 1 (resp. W{ = C and i > 1, resp. u> i+1 = C _1 ) and X^ 
sends z t j to otherwise. Note that we set Zo,m+i = = ^i im +i and z n j — Zqj for all j. 
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